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a=a;+ 2 %% (AP)w, =0, s=1,.. .m

$==1

where ¥, is the basis of the rigid displacement vectors (m = 6 in the case of an unfixed
boundary),

Note 3. 3. For each specific problem of the linear viscoelasticity problems posed,
the domain of variation of the parameter § is bounded. For partial principle Y to be
satisfied simultaneously for all such specific problems, it is necessary to require that all
roots of the appropriate polynomials P (p, @, B) lie in the left half-plane of the com-
plex variable p for all @ = [0, @,°], B e R,.

The author is grateful to I, 1. Vorovich for formulating the problem,

T
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STATE OF STRESS IN A FLAT CIRCULAR RING WITH A CRACK
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The stress distribution in a circular isotropic ring with a crack on part of the
concentric circle is investigated, A system of functional equations governing
the coefficients of the complex Fourier series expansion of the stresses acting
on the circle on which the crack is located is obtained. The solution of the
mentioned system of equations is obtained by using a factorization method,
which permitted reduction of the initial system of equations to two coupled
infinite systems of algebraic equations, The possibility of using the method
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of truncation to solve these systems is proved. The singularity originating in
the neighborhood of ends of the crack in the formulas govering the stresses is
isolated, Stress intensity coefficients for the effect of a uniform load on the
external contour are presented.

1. Let us examine a flat circularring (a<< r<< b, | 0 |< x) with a crack (r=
¢, | 0 |<< 8,) loaded by normal and shear stresses on the outer and inner contours

Oy (bv e) = 2 p’n+ei"9, Gy (av e) = 2 pn—eing (LY

N==00 n=—oo
oo

T.0(b,0) = Z g.tem™,  T,9(a,0) = 2 g, eind

N=-=00 n=—oo
in a polar coordinate system,
Not all the coefficients in these expansions are independent since there follows from
the equilibrium condition for the load on each contour:

=0, gt = —ipE, g F=ip,*

The determination of stresses in a ring is related to seeking the Airy function satisfying
a biharmonic equation, This function can be represented as

F(r,0) = Bg®+ Colnr + Dy + (4y® + Cyr + Dyt el® + (1.2)
(Ayr®+ C_yr + Dyl e +
2 (Ag™ + B~ 4 C™+2 - D p=m2) £ind
I n|>2
where (By, Co . . ., A, . . ., D, are constants. The normal and shear stresses on the
outer and inner contours must hence be equal to those given by (1, 1) and zero on the
crack,
Let us image the ring slit along the circle r = ¢ and consider two rings: an outer
(e<r<b, |8|<<m) andaninner (a<<r<e, | 0| < M). We represent the
unknown stresses acting on the circle r = ¢ as

0= 3 1™, twe.t)= 3 g (1.3)

n=—00 n=-—oo
(9o = 0, @, = —if;, ¢, = if)

The Airy function for each of the two rings can be taken in the form (1.2) and the inte-
gration constants can be determined from the appropriate boundary conditions, These
constants will be expressed in terms of the unknown coefficients f, and @,of the expan-
sion (1. 3). To determine these latter, the conditions connecting the rings under conside-
ration along their comimon boundary r = ¢ should be used, on which the following con-
ditions must be satisfied;

2 1% (C, 9) = Trg (C, e) =0 (101 <0) (1.4
Ur (C+O, 0) = u, (C-—-O, 0)
UQ(C+O, 9)=uo (C—O, e) (”>lﬁl>60)
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where u,, up are the displacement vector components,
The connection conditions (1, 4) permit obtaining the system

o0

Z fnein® =0, Z Ppei®® =0 (/8] < 60) (1.5

n=—oo N=—00

o0

dn Bn

S Hf"ueim): St | Jerme— (1.6)
ne— ol tn Ball [Pn ne— ool Tn

i )

sindcosd FEol o o<

icos® —isin0Of]me

Here

og = — 2¢ (1 — vp) i

Fona—e ' Po=To=8 =f41=84=0

o s — g i st —sgl
o= —c(1 2‘\’0)———————(3‘_1) d—e Ti1—+0(3—2'\’o)(7':‘1)_(r_74)'

on Ba _ c(1—w)s? a, ib, b o
Tn Oal =D, D e, id,|’ T ¥T T (L7
Dy' (s, &) = & 457" 4 2 (= 1) — n® (& + 573), Dy (s, &) =

D.* (e, s) s

an= 4n (se" — £~2"s%") - 4n(n® — 1) (s~ — 2" J- " — £-2") 4
2n%*(n — 1)e=2" — (n + 1)e*"] + 2n%2(n + 1)e-2" —
(n— 1)e™] + 2r%e~*(n — 1)s*" — (n + 1)s~%] + 2n2e?((n +
1)s®" — (n— 1)s72"] + 4n® (n® — 1)(s~2 — s® + &2 — &-2) +
4nt (sPe~?— s~%%)

by = cp = 4(s¥e~2" — s 2"®") 4 4nd (2%~% — %) - 2p3% %
[(n + 1)+ (n — 1)e=?"] — 2n%e*[(n — 1)s~2" + (n + 1)s*"] +-
4 (n? — Di(n— D52+ (n + 1] — 4(n? — 1)i(n + 1)e?" +
(n— 1)e~2"1+2ns2[(n+ 2)(n — 1) e*" 4+ (n — 2) (n + 1) e-2"] +
8n (n®? — 1)(e-2 — s72) — 2ne~%[(n — 2)(n + 1)s2" +
(n + 2)(n —1)s*"]

d, = 4n (s73"e*" — 2"e~?") + 4n? (n® — 2)(e%s2 — e-2%?)
2n*?[(n — 1)e=2" — (n + 1)e#"] + 2n%?(n + 1)s*" — (n —
051} — 25-2(3n2 + n® — 4)e™ + (32 — n® — &)= +
4n? (n® — 1)(s* — &) + 2e3[(3n? — n® — 4)s~2" { (3n® +
n®— &)™) + 4 (n — 1)(n? — 4)(e~® — 5% — 4(r® — 1) [(n &
2)?" — (n— 2)s%"] 4 4 (n® — Di(n + 2)e** — (n — 2)e-2"]

—tn= Uppa*t + Vo' + Gupn™ + H,q.~ (1.8)
— Ty = Knpn+ -+ LnQn+ + ann_ + N'n n
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Uo=20 —v) zop, Usa=c(l—2w) zor

s2—1 "'
2
Go=‘-28(1—v‘))i-%€;, G¢1=C(1*2Vo)£37

Kiy=¢@B— 2\’&)3%,’_'_1
Vo=Hy=Ky=Ly=My=Ny=Vyy=Hy =L, =
Ny =0
[n1>2 Ui=np,*l(n 4+ 1"+ (n — 1)s" — (n + {)s™2—
(n — 1)s"%]
Veo=iptln+ D —2)"—(n+2) (a—Ds"+n(n+ 1)X
s2 — n (n — 1)s"%
G, =:] np,~l(n — 1" + (n + 1)e" — (n— 1)e ™2 — (n + 1) X
ght
H,=ip, [n(n—1)" —n(n+ )" — (n+ 1)(n — 2)e™2 |
(n — )(n + 2)e—m2]
Ky=putln(n —1)s™ — n(n+ 1)s" — (n + 1)(n — 2)s™2 4
(n — 1) (n -+ 2)s™?]
L, = ip,*l(n — 2)(n + 1)s™2 + (n + 2)(n — 1)s"™? — (n +
2)(n — )5 — (n —2)(n + 1)s"]
M,=p,ln+ NHY(n—2)e " - (n—1)(n+ 2)¢" — n(n —
1)e=™2 4 n (n + 1)e™?]
N, = ip,l(n — 2)(n + 1)e™2 + (n + 2)(n — 1)e~™2 — (n +
2)(n — 1)e" — (n — 2){(n + 1)e™}

:t —] —_— ____iz—-.....
pn = 2¢(1 —w) r—y:

 Myy=c(3—2v) (2o

(vo = v /(1 -+ v) forthe plane stress, v, = v for plane strain, v is the Poisson
ratio, and (o, t]o are constants governing the ring displacement as a solid body),
Let us require the satisfaction of estimate
G, Trg =0 (r), r—0 (1.9)

at the ends of the crack, Then, in a standard manner, it is easy to show that the problem
has a unique solution. The series coefficients for the stresses have

far» @a =0 (In =), |n | = oo (1.10)

Consequently, the series (1, 3} converge nonuniformly, Because of this nature of the
convergence, subsequent transformations are formal in nature, However, the series govern-
ing the stresses on the circle r = ¢ are converted in that form for which the singularity
(1.9) is extracted explicitly, and the remainder is represented by uniformly cenvergent se-
ries. After this, compliance with ali the boundary conditions can be verified rigorously.

2. Let us represent the matrix (1. 7) as the sum
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o, Ba o —|n| isgnn A an° by
To Onl  7*—1]sgnn —i|n|| ™" » —1fc° d° (2.1)
A=4c(1 — vy
The first matrix in the right side in (2, 1) determines the coefficients a,, , . . ., 8, in

the case of an infinite domain (this is the principal part of the matrix), and the elements
of the second matrix tend exponentially to zero as | n | > oc.

We substitute the matrix (1, 7), written as the sum (2. 1), into the functional equation
(1 6) and we transfer terms containing elements of the second matrix in this sum to the
right side, (If the elements of the second matrix are assumed zero and the system (1, 5)
and (1. 6) is solved, then we obtain the solution to the problem for an infinite plate with
a crack under an arbitrary load in a form different from [1]).

We introduce new unknowns by means of the formula

—|n|l isgnn TN
1 | I g In = In , Inl>2 (2.2)
n*—1Alsgnn —i|n||{Q, @’
Hence, as follows from (1. 10)
o on” =0 (In ), jnl-oo (2.3)

Taking account of (2, 1), (2, 2), the functional equations (1. 5), (1. 6) are converted into
D (= |1 fa — sgn np,0) €m0 = — fo — freid — f_o-i8 (2.4)

[n>2
Dl (sgnnf, + [ n|@p)ein = fre® —f e (6] < 60)
in|>2
A Z fn'e™ = — ofo — oyf1€® — o_1f e (2.9)
jrel>2
Z Pein® — 2 (L, 8in 0 -+ mg cos 6)
A 2 P = — 1 10—y f 17 |-
In|>2
Z ©net™® 4 2i (L) cos0 — m,sin6) (8, < j6]<x)
Nl—=—00
B S —tny On=Ta In|<2 (2.6)
¥n N ty 2 an’ by’ ——|n|f,,°—sgnn(p"° Al>2
ol v, n2—1 fe,’ dof|isgnnf’ +i|n| @, In1>

Let us separate the extemal load into symmetric and antisymmetric parts in the angle
0. We examine the case of the effect of the first of the loads mentioned when

PaEt = pnt, gnt = —qF, fao=Ffum = —0, =71 (2.

o

P’ = — @y’
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The second case for which the signs in the right sides of (2, 7) are reversed, is considered
analogously.
Taking account of (2. 7), the functional equations (2. 4), (2. 8) are converted into

2 (0 + @) 08 10 = 3 fo -+ f, cos (2.9)
nz22
2 (i + 1n9,7)sinnd = f,sin 6 (16| <0
n>a
° 1 —
A’éfn 003n9=-—~—2—a0f0—-—a1)‘10086+-—;—%+ (2.9
2 P, cosnd — 1y cos O

n>1
A g Pn Sinn@ = — 7/, 8in 6 + 2 @, 8innb 4 nesn 6

n=2

B <[0] <)

The unknown coefficients in (2. 8) are not separated, To separate them, we consider the
functions P (6) and Q (6)

2 [n°sinnd = P (0), 2 @r’ cosnd = Q (0) (2. 10)
n>2 ne
Hence dP 0
D) nf°acosnd = ( ) Dl — ne°sinnd = _d_%@}_ (2.1
n>a N9

Substituting (2, 10) and (2, 11) into (2, 8), integrating and taking into account that

= find
P (0)= O,we fin P@)= —pnsin0, Q(8)=pcosB-+fo+ ficos6 (2.12)
where p is a constant of integration, Therefore, the system of functional equations (2. 8)

is written as
2 P cosnb = pcosf - —fo+]‘10056 (2.13)
nz:y
D f.>sinnf = —psin® (0] < )
nz2

We note that (2, 13) can be obtained directly from the boundary conditions on the
crack if they were written as the vector of the forces acting on an arbitrary part of its
length being equal to zero,

The system (2, 9), (2. 13) is similar to the system examined in [2] and admits an exact
solution by the factorization method when the right side is known,

8, Let us introduce two analytic functions of the complex variable z
F.(2) = D f5" @)= D o2 (3.1
nze n>2

The regularity of these functions in the circle | £ | <C 1 and the continuity up to the
boundary follows from the estimate (2, 3). If we set

F.zY)=F_ (9, @ EN=0(3) (3.2)
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(the functions ¥_ (z) and @_ (2) are regular outside the unit circle and continuous up
to its boundary), then the functional equations (2, 9),(2. 13) can be written as

F, (¢*) — F_ (¢%) = —2ip sin 0 (3.3)
D () +@_ (M) =2+ fi)cosO+fo (01<br)
MF, (6%) + F_(e")] = o — ctofo + 2 ;}}1 P COS 1O — (3.4)
2 (oafy + mo) cos B
MO, (¢?) — O_(ei®)] = 2i [él ®, 8in 78 — (71f; — Me) sin 9]
(@ <18] <)

It follows from (3. 3) and (3. 4) that the solution of the problem posed reduces to the so-
lution of Riemann-Hilbert problems of analytic function theory: find functions F, (2)
and @, (z) which are regular within the unit circle, and functions ¥_(2) and @_ (2)
which are regular outside the unit circle by means of the relationship between their
limit values of the boundary,
For convenience in the subsequent solution, we introduce new unknown functions

X (2) and Y4 (2) by means of the following formulas:

X, (8) =MD, (2) + (11— To) 2 — 2 ®p2" (3.5)

Y, (2) =M, (2) + (@afs + M) 2 — - (%0 — diofo) — 3 pur®
R
X=X, Y_(@=-Y, () 1

where the functions X (2) and Y, (z) are regular in the domain | z | <C 1 and the
functions X_(z) and Y_(2) in]z | > 1).
Then (8.3) and (3. 4) are converted into the form

X, (€4 X_(e*®) =Mlfo+2(1 + fr)cos 8] + (3.6)
2(T1f1 — o) €08 8 — 2 D) 0, cosnd
n>1
Y, (e®) + Y_(e%) = 2i {[alfl + 1o — Aplsin®— D) ¢, sin ne}
nol
(181< 80
X () —X_(®)=0, Y ()—Y_(*)=0 (8<it|<n) (3.7

The functions X4 (2) and Y 4. (2) are hence bounded at the ends of the arc

o= {|z]|=1, |arg z | < 0,}

As follows from (3.7), the functions X, (z) and X _ () form a single analytic func~
tion which is regular in the z~-plane with a slit along the arc ¢. The same is valid for
Y, (2) and Y_ (2). Hence their limit values are connected by means of (3. 6), which
are solved in a known manner [3], consequently

X@) = 52 2 g Mo+ e Fmh F M=l 7Y — 3.8)

T—2z R
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n sy X+(z)’ {Zl<‘l
2““‘+‘&“{&@xtﬂ>i

n>1

Y(2) = g,ff’ Srfz Rim {[¢1f1+'flo—-lp] (r—1)—

n_: _\ 1t Y+(Z)’ {Zl<1
él‘pﬂ(t T )}—{Y_(Z), Izi>i

R() =V (z—e™)(z— e

(the integration is performed over the inner edge of 0). The function R (2) is regular
in the complex z ~plane with a slit along ¢ where R (0) = 1.

The representations (3. 8) yield the exact solution of the boundary value problem de-
scribed by the system (2. 9), (2. 13).

4. The unknown coefficients f,, f,, Mo, s fn'» Pn enter into the right side of
(3.6). Let us proceed as follows to determine them, We expand the functions X (2)
and Y (z), defined by (3. 8) in Taylor series, and taking account of (3, 5) we substitute
these expansions into Egs, (3. 1). Then equating coefficients of identical powers of z, we
obtain a system of equations determining the mentioned unknowns.

It is easy to note that to expand the functions (3, 8) in Taylor series it is sufficient to
obtain the expansion of the functions
S = o | 2 0,1 (4.2
m(2) = "o YToT E® m=0,+1,...) .
into the mentioned series,

We note that the function R (2) can be represented as a series [2]

R(3) = D) pp(u)2°, u=cosf,
>0

on(u) = Py (1) — 2uPp, (u) + Pro(¥), po=1, py=—u

where P, (x) is the Legendre polynomial,
Taking into account that for | z| < 1

1 — 2 zk-r—k—l
T—2 >0

we convert (4. 1) into the form n
n 4 ‘fm._k-l
S (2) = 2 tmnZy  Emn = 2 Pr-x (1) Tni S R(v) dv
n30 k=0

)

Using the Mehler-Dirichlet formula for Legendre polynomials [4]

B

1 d

P,(u)=-:—t—-g R—(cz-gie-i“’ (4.2)
we find . n ~—-e. m=0, +1,...
tmn =5 21 Pk () Peom () (,.:0, 1,... )
k=0

As is shown in [2], for m == n the last sum can be converted into

(4.3)
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tmn (4) = 5 = [ Py (4) Pp (4) — P () Py ()] (4.9)

where (n == 0).
Performing the above-mentioned substitution into (3. 1), we obtain the following sys-
tem of equations (summation is over k > 1):

M = P+ (@fs — A+ No)(tin — to1n) — Zg (Ean — t_kn) 4.5)
Ao = @n + (Mt + M+ Vofy —M0) - Lan) — Z0 (ant L)

n>2
AZ=D (4.6)
1/50t — 0y (t10 — 2-10) — (f1o— t-10) A (10— t-10)
A = 0 oy (1 — tyy +toa1) 1 —ty+ita  Min—tu)
° A«too ()" + 71) (t1o + t—1o) - (tlo + t-]o) A (tlo + t_lo)
0 Yi—QA+T)(¢un+ta) —14tn+tm —Mint+ian)
';— Yo — D ¥k (tro — L-ko)
fo
it D=l ¥V D Peltss — tx)

Tlo 2 o (txo + t—ko)
0, — 2031: (o1 + t-xa)

The coefficients 1,, ©, are expressed linearly in terms of the external load and the
coefficients f,°, @,°(see (2.6)),hence the relationships (4. 5) are two coupled infinite
systems of linear algebraic equations for f,° and @,° (h,! and h,? are expressed in
terms of the external load and the coefficients f;, 1), 1, and §,,, is the Kronecker

delta) " 12 . .
f no " — Z R nm R nm f m h'n
(Pno m>2 R Ez];n R %zm cho hn2

- R : i oy 3} ©
}11m = Kum (— ma,° + ibp”) — 6'nmm('—' na,’ + iby,°)

+ y 1n>2 (4.7

R}zzm = K;Lm - amo + im'bmo) - 6nm %‘ (_' ano + inbno)
n 1

B = K (— Men® + i) — Sam e (— 1”4 id,)

: o 1 o . o
glzm = ;m(— cm°+1mdm )'—" Gﬂm—;{a—_—T(— Cn +lndn)

1
K& = (bmn == t-mn) mt—1

6. We investigate the properties of the operator generated by the matrix “R;‘,}n Kn,
m > 2). Let us first estimate the quantity #,,,. We have
P —P

tmn =m [Pﬂ—len - Pn'T‘m—l, n—l]v Tmn = = (5. 1)

m —n

Using the representation (4. 2) for the Legendre polynomials, we find
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: d — .
Tmn=""';‘—'8 ® -'-"—-2——<9) sin 25 gexp(—i 24 o)
from which 9

1 19]de =C
REUIRS Se V 2 (cos ¢ — cos o) (5.2)

Here and below C denotes different constants whose exact values are not important,
Taking into account the estimate for Legendre polynomials [4] | P, (u) | <C / ]/7;

and also (5. 2), we find |t | < Cm / Vﬁ

The relationships obtained when using the formulas for a,° .. ., d,.°. (see (1.7) and
(2. 1)) result in the estimate
| R | < Cm*%™ [ Vr + Cr2 Y xSy % = max (e, s71)  (5.9)
It can also be verified that the free members of the system of equations are
hl, B2—>0, n— oo (5.4)
It follows from the above that in a space of bounded sequences x = (s, . - + Zny
. « +) with the norm | x | = supy | Z» | the system of equations (4. 7) can be considered
as an equation of the second kind with a bounded operator R (we recall that x < 1)
x4 Rx=h, |R|<Csup|— 2 msx"'-{—n’]/ﬁ%"] (5.5)
nz=32 V-n m>2
It is clear that | R || << 1 for sufficiently small % and then (5. 5) is uniquely solvable,
by, say, iterations. However, even for any % < 4 the estimates (5, 3) and (5.4) permit
the infinite system (5. 5) to be referred to the class of quasi-regular systems [5] whose
solution reduces to a successive solution of an infinite system with a small operator and a
finite N X N system, Here N is determined from the condition
c—1 2 m3%™ + Cn?Y <1 for n >N
Vn m>2
The unique solvability of this finite system follows directly from the uniqueness of the
solution,
We substitute the coefficients 1,°, @,° found from the system (4. 5), into the system

(4. 6). Since these coefficients are expressed in terms of the constants f,, @, Mo, then
we obtain a system of 4 X 4 equations determining all the coefficients deeded.

6. Let us turn to extracting the singularities (1, 9) in the series (1. 3) for the stresses
on the circle r = ¢.

We substitute f,, @, from (2,2) into these series and use (4.7), To extract the singu-
larity it is hence sufficient to limit to terms of the order of O (n~") as n — oo.

Let m >0 > 0,. Wehave

6 (¢, 0) = — 2 2 ncos nf 2 (Emn — tomn) X (6. 1)
n>2 m>2
(Ot + Q2 — 2 X} ncoSNO S (t1n — t1n) +
nz2

2 2 n cos nd 2 Con — b)) b + - -«

nx>2 mz=1
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Tro (6, 8) = — 22 n5inn8 ) (bmn + o) (O m® + Ore2pm?) —

nxg m>9

2 = zn 8in n0 (ty, + £_1,) + 2 Z n sin nd 2, (Emntt_mn) Tt

ﬂ>2 n>2 m>
Here =1
. fe) 21 . o
an |_m l " Am Hom —mi Mcm “
== . ol ? 29 = . )
Q2 —1 im|lb, Om —1 im|ldn

A=aofi+n—Ap, B=t+ m+MNhH—
Here and below, a series of dots will indicate uniformly convergent series which yield
no contribution to the stress singularity,

Table 1
B, deg 10 30 80 90
e G1 G Gi Ga G G G Ga
0.1 0.418 —0.037 | 0.667 —0.178 | 0.664 —0.394 | 0.454 —0.489
0.2 0.438 —0.038 | 0.755 —0.198 | 0.698 —~0.459 | 0.403 —0.537
0.3 0.479 —0.041 0.935 —0.243 | 0.724 —0.575 0.348 —0.643
0.4 0.565 —0.046 1.263 —0.396 0.672 —0.753 | 0.171 —0.712

Let us introduce a series expansion for the generating function of the Legendre poly-
nomials, Setting z = ¢'® and considering 1 > 0 > 6,, we find

ie-10/2 '
—_ k9 _ (6.2)
V-z—-———(u 05 0) k§0 Py (u) e u= 030
Taking account of (4. 3) for ¢, and the expansion (6. 2), we obtain
1 m . 0
=—————e — SN = [P (&) + Py (U
nz;n cos nbt,,, Vit 2 sin - m () + Pm—y ()] +
1
i T ——————eerem— P w) — m-— u LR
gznsm 9, TETT) 2 oS o~ 2 [P () — Pmy (w)] +
Then for = > 6 > 0, there follows from the representation (6, 1)
S, (¢, 0) + iTro (¢, 8) = !

. 0 . e
“ﬁ—_m[ 1 S1n 5" + sz COS——] + ... (6.3)
Ty =2 J(Qultfn® + Om0n’) M (P + Proy) -+ 2 (1 4 c0360)—

m=2

2 Z tmm(Pm+ Pm—l)

m>1

T2 = - 2 Z (anfmo + Qmmcpmo)m(l.)m - Pm—l) +

mz>2
B
25 (1 —cos6) + 2 D T (P — Pmoy)
max1

Formulas (6. 3) permit evaluation of the stress intensity coefficients (6], In the case when
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a uniform pressure p,* acts on the external contour and & = 1/s , these coefficients are

K1+ iK1 = V nc po* [Gy (85, €) + iGy (B0, )]
The values of G, (8,, €) and G, (8,, &) are presented in Table 1.
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The equations of motion of mechanical systems with multipliers are reduced
to the form enabling the separation of these equations into two groups, the first
group describing the motions of the system, and the second group defining the
multipliers, Each multiplier is determined independently of the remaining
multipliers, and this makes it easy to assess the dynamic effect of each con-
straint on the system, On the basis of this approach, we study the following
problems; determination of the constraint reactions [1], study of the motion
of controlled systems with prescribed constraints [2, 3] and utilization of the
method of nonholonomic mechanical systems in the case when the first integ-
rals exist [4].

1, Equations of motion of a system with multipliers, We consider
a system the position of which is defined in terms of the generalized coordinates g; {i =
1, 2, ..., n). We assume that the system is restricted by ideal, nonholonomic, second
order nonlinear constraints of the form

fa (b, 995 ¢,)=0, i=1,2,...,n «=42,..,4 (LD



